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1 Introduction

The gauge-string duality relates some classes of field theories to dual string theories in
specified background space-times [2]. While string theory in a curved background does not
generally lends itself to tractable calculations and even to our understanding, its low-energy
supergravity limit is far more compliant. In the case of asymptotically AdS spaces, the dual
field theories are in the large 't Hooft coupling limit. The AdS/CFT correspondence thus
provides a framework for understanding strongly-coupled gauge theories. Recent work has
been devoted to computing transport coefficients [3-8] and gaining insight into dynamic
and nonequilibrium settings [9, 10] from the correspondence. Most of them required a
real-time formulation of finite temperature field theory. The way real-time correlators can
be derived in AdS/CFT is hinted by the following analogy. There is a doubling of the
degrees of freedom in the Schwinger-Keldysh real-time prescription (reviewed in section 2
of this paper). On the other hand, the Penrose diagrams of asymptotically AdS spacetimes
with a black hole! exhibit two boundaries (cf. figure 1. below), on which the dual gauge
theory fields live. This conjecture was proved by Herzog and Son [1]. They showed how
the 2 x 2 matrix of two-point correlation functions for a scalar field and its doubler partner
field is reproduced from the AdS dual supergravity action. Their work also made it clear
that the thermal nature of black hole physics gives rise to the thermal nature of its dual
field theory. In these notes, we would like to extend their work and find out how black hole
physics gives rise to real-time correlators of fermionic operators in a dual finite-temperature
field theory. While deriving real-time propagators of vector field operators from AdS/CFT
is an obvious extension of the scalar field case expounded in [1], the case of fermions proves
less straightforward. The analysis presented below relies on a treatment of spinor fields
in curved space-times and on their transformation laws under global symmetry transfor-
mations. We begin by reviewing in the next section the Schwinger-Keldysh formalism for

"Whose temperature is that of the dual gauge theory, according to the AdS/CFT correspondence.



Figure 1. Kruskal diagram for AdS-Schwarzschild black hole.

real-time finite temperature field theory. This section collects results usually dispersed
among the literature, as this formalism is usually exposed for a scalar field. We present the
2 x 2 matrix of two-point correlation functions for a fermionic operator and its link with the
retarded and advanced propagators. Section 3 reviews how the retarded Green function for
a fermionic operator at strong coupling can be computed from the dual supergravity spinor
classical action in AdS/CFT. Section 4 is devoted to a short review of spinors in curved
and complexified space-times. These are important for the analysis of section 5 where we
review the relationship between positive- and negative-energy modes of a wave equation
and analyticity conditions in the complex Kruskal planes of the underlying background.
These conditions lead to the real-time propagators for fermionic operators from the dual
boundary action in the gauge-gravity duality.

Recently, there has been a sustained interest in fermions from theories with gravity
duals. In [11] the two-point function for a fermionic operator in a non-relativistic conformal
field theory is computed. The gravity dual corresponds to fermions propagating in a
background with the Schrodinger isometry. The authors of [12] argue that the gauge-gravity
correspondence proves a useful tool for exploring fermionic quantum phase transitions. The
retarded fermion Green function is found from an analysis of the solutions to the Dirac
equation and its quasi-normal modes in an AdS Reissner-Nordstrom black hole. Real-time
correlators for non-relativistic holography have been considered recently in [13], where the
construction of [14, 15] is involved. For an explanation of how their construction generalizes
the one due to [1] used here to the case of distinct sources on the R and L boundaries of a
Penrose diagram, see [16]. It would be interesting to apply the approach contained in the
present notes to more general geometries, possibly duals to non-relativistic conformal field
theories [17-20]. This paper offers to explain how Schwinger-Keldysh n-point functions
can be computed from string theory, thus emphasizing the latter as a relevant approach to

tackle some models or phases of condensed matter physics.
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Figure 2. The Schwinger-Keldysh contour.

2 Review of Schwinger-Keldysh formalism for fermions

The Schwinger-Keldysh prescription allows for a study of real-time Green functions by
introducing a contour C in the complex time plane [21, 22|, as illustrated on figure 2.
Fields live on this time contour. The forward and return contour of the path are labelled
by indices 71 and 9 respectively. The idea is that the quantum dynamics does the doubling
of the degrees of freedom required for describing non-equilibrium states. The starting point
I at time t; and the ending point B at t; — i3 are identified and fermionic fields are such
that T; = —Yp. In the remainder of this paper, the conventions for the propagators are
those of [23].
The action splits into contributions from the four parts of the contour:
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where
L(t) = /dd—lfc [T(t,x), T(t,x)] . (2.2)

The generating functional is defined as

_ ty ty _ ty ty _
Z:/'DT'DTeXp (ZS—l—Z/ dde1T1+i/ ddlem—z’/ ddwnng—i/ dd.%'TQUQ),
ti t; t; t;
(2.3)

where the sources 71 2 and the fields are such that
m (t7X) = 77(t7x)7 Tl(t7x) = T(t,X), (2 4)
ne(t,x) = n(t —io,x), Ya(t,x) = T(t —io,x). '

The same relations hold for their conjugates. The contour-ordered Green functions are

mapped into a matrix whose components are indexed by the position on the contour:

Gl E) = 152 InZ [n1.2, M 2] _; G11 G2 (2.5)
’ i2 577j577£ Ga1 G2




The time in the components of this matrix of Green function is standard time and in the
operator formalism

{Gn(t,X):—i<TT(taX)T*(0)>7 Gia(t,x) = +i(TH0)Y (¢, %)),

ot (1,%) = —i(T(EX)TTO),  Go(t, %) = —i(TT(t,%)TH0)). (26)

Note the sign reversal in G2 as compared to the case where the fields are bosonic. 1" and
T denote the time-ordering and anti-time-ordering operators. The fields are taken in the
Heisenberg picture. Those Schwinger-Keldysh correlators are related to the retarded and
advanced Green functions through

?7 (27)

The relation
Gr(z —y) =G4y —z) (2.8)

is valid, irrespective of the fields obeying a Bose-Einstein or Fermi-Dirac statistics. Us-
ing (2.6), (2.7) and the completeness relation for a complete set of state results in

1+eBkY
Ga22(k) = ReGRr(k) + i tanh < > ImGRr(k).

Gui(k) = —ReGR(k) + i tanh ( ) ImGr(k),

Glg(/{?) 12_16 ey ImGR(k)

G (k) = 287 1 G ), 29
(k)

When o = g — a value which will naturally appear in the following — G12(k) = —Go1 (k).
c =20 yields G21 (k) = G>(/€) and Glg(/{?) = G< (k) Since Ggl(/{?) — Glg(/{?) ’0:0:
2iImGRr(k), the relationship

Gr(k) — Ga(k) = G~ (k) — G=(k) (2.10)

holds as required whatever the quantum statistics of the fields under consideration. The
main purpose of these notes is to show how the above relations (2.9) are derived in
AdS/CFT. Herzog and Son [1] obtain analogous relations for a scalar field. As it turns out,

extending their result to correlators of fermionic operators is not entirely straightforward.

3 Review of fermionic retarded correlators in AdS/CFT

This section reviews fermions in AdS/CFT [24, 25|. The prescription for computing
retarded fermionic Green functions draws on the approach of Igbal and Liu [26, 27],
where conjugate momenta for supergravity fields are defined with respect to a 7-
foliation. This is suggestive of some sort of stochastic quantization interpretation of the
AdS/CFT correspondence.



Consider a boundary fermionic operator O whose gravity dual is a spinor field W. The
bulk background space-time metric

ds?® = gprdr? + gy, datdz” (3.1)
is subjected to the asymptotically-AdS conditions
gtt, Gii ~ T2, Grr ™~ 1/T2, T — OQ. (32)

The d-dimensional boundary is a r — oo. The AdS/CFT prescription for computing
n-point functions of a quantum field theory from a classical supergravity action goes as

<exp [/ ddx (3_60(9 + OXO)} > = eiSSUGRA[XO’XO], (3.3)
QFT

where xg = lim, oo 7%"2¥ and A is the scaling dimension of @, related to the mass m of
the bulk spinor. Imposing such a Dirichlet boundary condition on spinors requires care,
especially given that this condition must relate a spinor in the bulk in d 4+ 1 dimensions
to one in d space-time dimensions on the boundary. Given that our focus is on Green
functions, the quadratic part of the action for 1) meets our purpose. It is given by

S = z/ A" ay/=g (ITM Dy U — mIT) + Spar, (3.4)
M
with ¥ = UIT?. The covariant derivative is specified by the spin connection wgpps:

1
Dy =0um + ZwabMFaba (3.5)

where T'% = Tl Upper-case letters stand for abstract space-time indices, while lower-
case ones denote tangent frame indices. The two are linked through a choice of vielbein e},
defined by Gyn = e?ue?vnab, with 7y a d 4+ 1-dimensional Minkowski metric of signature
(=,+,+,...,+) such that

{r“,rb} = 2. (3.6)

The inverse vielbein satisfy 7, = Guvel eév . The spin connection components are given
M 1
by Wabe = €4 WheM and Wabe = b} (Q:bca + Q:acb - Q:abc)a where [eaa eb] - veaeb_vebea - Q:Zbec-

M in Cartan’s structure

Alternatively wqpps can be viewed as the components of 1-forms w
equations [28]. Whenever a specific index appears as a label on a Gamma matrix, it refers
to that particular index in the tangent frame. For d even, a convenient choice for the bulk

Gamma matrices is

TH =t T7 =4t (3.7)

d+1

v* being the boundary gamma matrices and -y being proportional to their product.

When d is odd, it is appropriate to choose

[0 . (10
FM_(w 0), r _<0_1>. (3.8)



They satisfy the Clifford algebra. So, for general d

U=U,+0_, U,=0I.0, Ty=-(1+I"), (3.9)

1
2
with W being opposite chirality Weyl spinors when d is even, and d-dimensional Dirac
spinors for d odd. Whatever the value of d the number of components of the fermionic op-
erator O is always half that of its dual ¥. Quite generally [29], appendix B, D-dimensional
gamma matrices are constructed by noticing that for D even, increasing D by 2 doubles

the size of the Dirac matrices. They can therefore be constructed iteratively, starting in

D =2 with
1 1
ro_(° , Tl= 0 , (3.10)
—-10 10

to the following in D = 2k + 2

P = R (‘01 i’) L TP [ (R) <§) ;) (Y <3 _Ol> . (3.11)

Here, v*, 1 =0,...,D—3 are 2k x ok gamma matrices and I is the 2k x ok identity matrix.
When D is odd, simply add I'? =T or —TI to the set of D — 1 gamma matrices. Note that
from our conventions for the metric and anti-commutation relations the 0-component of
gamma matrices is anti-hermitian while other matrices are hermitian. In order to solve the
equations of motion near the boundary and find the scaling dimension A of the fermionic
operator O, one refers to the usual Frobenius procedure of trying for solutions of the
type r Yo% U, (t,2")/r". U, are boundary spinors. Consider for instance the case of
pure AdS, ds? = r?(—dt? + dx?) + ‘%2. Setting e = rdz#, " = %, the non-vanishing
spin coefficients

wip = —rdt, wiy = rda’. (3.12)
The Dirac equation
[ —m] ¥ =0, (3.13)
with 1) = "™ Dy, becomes
rI" 0. ¥ + %I’ kU + gFT\IJ —mW¥ =0, (3.14)

where I' . & = «#k,. Then p must be set to p = g +m and ¥g is annihilated by % (1107,
respectively. Incidentally, the scaling dimension is therefore found to be A = % + m. The
leading asymptotic behaviour of W4 is then
e (k,r) = Xo(k)r™ 2 4+ do(K)r ™2 W (k1) = wo(R)r 2 o (R E T (3.15)
Note that the dominant term (when m > 0) has been denoted yo on purpose, as a reference
to the source for the dual operator O in (3.3):
lim r4= 20, = xq. (3.16)

rT—00



Inserting this back into their equation of motion yields

(3.17)

Yo(k) = —Zjvk'z B (14 2m) Ao (K);
po(k) = —2Exo (k).

If one then demands that the solution be regular in the whole of AdS space, it turns out
that xo and g are not independent. Note that this is not apparent from the analysis
presented above where xo and 1y are the boundary values of the fields ¥, and ¥_. A
general solution to the Dirac equation near the boundary is a superposition of those fields.
However the Dirac equation can be solved exactly in a few cases, including pure AdS. In
this latter case, suitable solutions are given by

rf%Km_’_l e k2r—w2 K4, ]{?2 > 0,
2
d+1
B A L SR o
2
r*%H:ﬁl (7v “"2;1‘2) Ky, w<—Vk2
2

k4 denoting a constant spinor. Regularity as  — 0 then imposes that

i kBTG —m)

k) = k). 3.19
Yo (k) 2 T+ m) xo(k) (3.19)

More generally 1y and yg are related by a matrix S:
Yo(k) = S(k)xo(k). (3.20)

Regularity in the bulk and a given boundary condition g for ¥, when m > 0 then uniquely
determine a solution W to the classical equations of motion. Similar relations apply for ¥
and W_. Note that relations such as (3.19) or (3.20) are on-shell relations. Other off-shell
histories contributing to the variational principle can be constructed as superpositions of
independent W, and W_. We now turn to a discussion of the variational principle. The
boundary term in (3.4) will be determined from stationarity of the action. That one cannot
fix all the components of ¥ and ¥ but must rather set conditions on, say, X0, Yo, and leave
1, o free to vary,? stems from the Dirac equation being first order in derivatives. Varying
with respect to ¥, ¥ the Euclidean action

S =— /M Az /g (% (15 — ﬁ) — m> v, (3.21)

one finds a surface term, i.e. S = Cyps+ bulk term, where the bulk term involves radial

derivatives and is proportional to the equations of motions, while

1 )
Comr =3 / dz (840x0 + X00¢0) (z),
oM

=5 {% | (oo + ) <:c>} , (3.22)

20n-shell they become functions of the boundary conditions xo, Xo-



given that dyg = 0 and dyp = 0, as explained above. Since Cyps does not vanish, that
the action must be stationary requires that one adds to it a boundary term Syp; such
that Copy = —6Sgar. Actually, since they are fixed, one may add any function of xo and
Yo to the action without breaking the stationarity condition. However conditions such as
locality, absence of derivatives and invariance under the asymptotically AdS symmetries
seem to uniquely select a boundary term [25]. Hence, after another Wick-rotation to go
back to a Lorentzian signature,

Som = —i/ dz\/ggmU, W, (3.23)
oM

The factor of ¢"" entering the square root comes from the vielbein. We now review the pre-
scription derived by Igbal and Son [26, 27] for computing retarded propagators. It amounts
to taking FEuclidean canonical momenta conjugate to W with respect to a r-foliation:

I, = —\gg"V_, II_=—\/gg""¥,. (3.24)
Then (3.15) and (3.16) result in

<O>X0 = — lim TA_dH—H

rT—00

= 1. (3.25)

From (3.20), i.e. Y9 = Sxo, and analytic continuation, one obtains retarded correlators in
Lorentzian signature:

Gr(k) = iS(k)7". (3.26)

The »* gamma matrix arises since Gr ~ (OO'), rather than (00).

4 Spinors in complexified space-time

In order to generalize the work of Herzog and Son [1] to fermions, it is necessary to consider
spinors in curved space-time. Besides, a potential difficulty arises given that [1] relies
crucially on analycity of complexified Kruskal coordinates. [30], section 6.9, has a few pages
devoted to spinors in complex space-times. [31, 32| provide a complementary treatment of
spinors and twistors. A spin space N of complex dimension two comes with each point of
the underlying space-time manifold. The members of such a space are negative-chirality,
dotted, say, Weyl spinors. Undotted spinors are members of the complex conjugate space
X. The manifold being complexified, 8 and X must be viewed as independent spaces, so
that pairs of spinors £€* and £* which previously determined one another under complex
conjugation, are replaced by a pair of independent such spinors. A complexified space-time
originates from a real underlying space-time by allowing its coordinates to take on complex
values and by extending the metric coefficients analytically to the complex domain. Note
that this is distinct from a complex space-time where generally no subspace can be singled
out as real. Defining a spinor basis or dyad {¢%,:*} for X and {fa,ia} for R, each comes



bestowed with its own indices-lowering €, spinor or €, 4 spinor, such that €(¢,2) = 7 and
€(¢,7) = 4. When ~ = 1, the dyad is called a spin-frame. Associated with any spin frame
is a null tetrad

l=¢3, m=¢i, n=1, m=n:13, (4.1)
which spans the tensor product space R (@ N. This illustrates the standard connection
between world-tensor indices a as a pair of spinor indices, one dotted and one undotted.
From e and €, a symmetric metric on 7T is built such that

g(l’n) = 1? g(m’ m) = _1’ (4'2)
with all other scalar products vanishing, i.e.

Jab = Eaﬁedg- (43)

R ® R endowed with this scalar product has the structure of a tangent space to a complex-
ified manifold. In the Newman-Penrose formalism a basis for the tangent space is a null
tetrad consisting of two real vectors and one complex-conjugate pair of vectors. Consider
the complexified manifold obtained from a metric of type (3.1) describing a geometry with
a horizon. Let U and V label its Kruskal coordinates. In the context of an asymptotically
AdS black hole geometry they are introduced below around (5.3). Staying general for now,
a basis for the tangent space is given by four null vectors

S A A 1) Z 2L e Z ]
, , c e'? cot 5 z e 'Y cot 2 (4.4)

with 8% parameterizing the anti-celestial sphere. It is related to a% by an antipodal map.
Let us map [, n, m and m to %, %, a% and a%, respectively. The spinors ¢ and ¢ are then
associated with the null vectors % and %, respectively.

The combinations vV and v/—Us or v/—V7 and v/Us are parallely transported across the

full U and V complex planes. Indeed, parallel transport of U % along % stems from

0 0 0 0
Ve [Uw]:ww]%“”%%

0 0

where ng = %gUV (Ougvy + Ovguy — Ovguy) = 0 and I’EV = 0. As for the covariant
derivative with respect to U%

a1 (0 U )

it is directed along U % This corresponds to the weaker definition of a curve C(s) with
tangent vector T" being a geodesic if V7T = o7, « an arbitrary function on the curve.
This definition agrees with the notion of C(s) being among the straightest curves in a



Riemannian manifold if the change of T"is parallel to T'. The modification with respect to
the more familiar criterion V7T = 0 for geodesics and parallel transport lies in the length
of T' being generally not conserved under VT = oT. However, in the case at hand, the
two conditions are directly equivalent since U % is null. In any case it is always possible to
parametrize the curve so that the geodesic condition takes on its customary form, provided

2 . .
Ccll:g/ = accll—‘i under s — s’. With such a parameter change, U % is parallel transported

along two families of curves spanning the whole Kruskal plane and associated respectively
with the vector field % and the one obtained from U %. The same holds for V%. The
attendant statement on the related spinor basis follows.

This choice of spinor basis will appear naturally in section 5. v/—U and the likes are pivotal
in generating Fermi-Dirac distribution functions. We should also note that even though
the AdS setting presented below involves spinors in a bulk geometry of dimension five, the
present discussion on spinors in a complexified four-dimensional space-time is of relevance
due to the decomposition (3.9) of a general bulk spinor evolving in d + 1 dimensions into
d-dimensional spinors. The latter are used in the following as in, e.g., [24-26], and while
in five dimensions an extra fifth basis vector should appear in (4.4), it is irrelevant for
the present purpose. ¥, spinors will be expanded in the basis constructed out of Kruskal
coordinates and 1,¢.

5 Real-time correlators from gravity

While the results about to be derived below should be applicable to a broader class of
finite-temperature field theories with a gravity dual, we focus on theories arising from
non-extremal D3 branes. Boundary values of supergravity fields in the resulting AdS;
background provide the N — oo, ¢ ,,N — oo limit of N' = 4 SU(N) supersymmetric
Yang-Mills correlators. In the near-horizon limit the metric on a stack of non-extremal D3
branes reads®

dr?
ds? = (xTRr)? (= f(r)dt* + dx*) + R®*——, 5.1
(TR (~(a” + i) + RO 5)
where f(r)=1-— %4 The boundary is a r — oo and the horizon at » = 1. Here, T is the
Hawking temperature of this AdS-Schwarzschild black hole and R is the radius of AdS.

The analysis of [1] relies on the behaviour of a scalar field in this background. Near the

horizon, —= = 1+ ¢, solutions to the wave equation behave as ek and its conjugate, with

kY = w and r* being the tortoise coordinate:

dr* 1 1 . 1 tan(r) +1 r—1 (5.2)
dr 7T r2f(r)’ T e A VA ’
The Kruskal coordinates are defined as
o 6727'rT(t+'r*)
{ A (5.3)
V=7

3Setting R = 1 for convenience.

,10,



The Penrose diagram of figure 1. is constructed from these coordinates. The retarded and

advanced solutions comport themselves as

{eiwtf(k’r) ~ e—gir—len(V), in-falling, (5.4)

emwt f*(k,r) ~ ezt M-U) - out-going.

When we considered solutions to the wave equation, we were working in the R-quadrant,
U <0,V > 0. However, as explained in [1] if one extends the mode functions to the
complex U and V planes, one finds that positive-frequency solutions to the wave equation
are analytic in the lower U and V' complex planes. A solution is composed of only negative-
frequency modes provided it is analytic in the upper U and V planes. With regard to
the modes of (5.4) one then requires that the solution be analytic in the lower V plane
and the upper U plane. Since in the r — ¢ coordinates one can solve the wave equation
independently in the R and L regions of the Penrose diagram one obtains the following set
of mode functions in each quadrants:

e” @t f(k,r), in R 0, in R
(k) = o (k=< 7
ur,i(k) {0, in L uLi(k) e “f(k,r), in L

‘ (5.5)
{ e~ Wt f*(k,r), in R 0, in R

olk) = olk) = ] :
UR, ( ) 0, in L ur, ( ) eiZWtf*(/{?,T'), inL

Only two linear combinations can be built which meet the above criterium on holomor-
phicity. These are

{ Uo = UR,0 T QUL o, (5 6)

Ui = UR,; + QGUL;.

From the behaviour close to the horizon of the solutions and the analyticity requirement,
the in-going and out-going cross-connecting functions «; and «, are constrained to be

{ A (5.7

o =€ 2.

In order to carry a similar analysis to the case of fermions, one must first check that solutions
to the Dirac equation in an AdS-Schwarzschild background (5.1) behave as =" and its
conjugate. In such a background?® the spin coefficients are

1 )
Wiy = —T (1 + —4> dt, wy = T\/?dxl. (5.8)
r

The Dirac equation then reads

gyt iy K| Am)Wy (k) = [~ 120 (k7).
: ) (5.9)

—%’yt—i—ﬁ.

4Setting R = 1, 7T = 1 for convenience.

— 11 —



(m
) m|. Focusing on the terms relevant

where A(m ()0, + &L\ /f _|_ +
T Fiwr*

for the near-horizon behaviour, solutions of the type e satisfy these equations.
Y W y q

Note that it is crucial that the I'° matrix be anti-hermitian. This leading near-horizon
behaviour of solutions to the Dirac equation in a curved background is reminiscent of the
forms of the solutions found in [33] in the course of this study of second-quantization for
neutrino fields in a Kerr background. From the previous discussion on parallely-transported
spinors in the complex U and V planes, one is led to consider the following set of mode
functions in each quadrant:

Vni= etV f(k,r), in R bp: = 0, in R
i 0, in L b e” W/ —V f(k,r), in L

A 5.10
Vo = e~ Wh/—U f*(k,r)s, in R - 0, in R ( )
o= 0, in L Lo ™ gmivty Uf*(k,r)s, in L

f(r)

Dirac equation, except for the extra e*™* term, which could be inserted in the defini-

The mergers f(k,r) { \/_VU} behave as %e’rﬂeiw*, as required for solutions to the

tions of the modes in (5.13) below. As for the scalar case reviewed above, the conditions
that positive-frequency solutions are analytic in the lower U and V complex planes and
negative-energy modes are analytic in their upper counterparts leads to the following lin-
ear combinations

1/}0 = wR,O + ﬁO¢L,O7 (511)
Vi = YR + Bibr-
The behaviour of the solutions close to the horizon fixes
{ bo=ter, (5.12)
Bi = —ie” 2.

The out-going and in-going solutions in (5.11) form a basis for a spinor field defined over
the full Kruskal plane of the AdS-Schwarzschild geometry

U (r) =) [a(w, K)ok, ) + blw, k)i (k, )] - (5.13)
k
In accordance with our discussion on the variational principle for spinor fields in AdS/CFT
we do not expand the U, field. Its leading-order part in an expansion near the boundary is
fixed. One must fix the “position” and leave the “momentum” free to vary in a set of canon-
ically conjugate pairs given by yo and y. The coefficients a(w, k), b(w, k) are determined
by requiring that (5.13) approaches (k) and W’ (k) on their respective boundaries:

[a(w, k)v-Us + b(w,k)\/VZL = Ul(k), -
- [a(w,k)em"\/ﬁ(—)g — b(w,k)\/ﬁ(—)z} = —ie” 2 Uk (k), (5.14)

ToM
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The function f(k,r) is normalized such that f(k,rgp) = 1 at the boundary. The overall
minus sign on the r.h.s. of the second equation results from the effect on spinor fields of

time reversal from going to the R-quadrant to the L one:®

T, o (2)T =V, o(T2), T 'T =40 4(Tx). (5.15)

Also, recall that raising or lowering a spinor index comes with a minus sign. The meaning
of (5.14) is as a set of two equations for two unknown spinors, a(w, k)v/—Us and b(w, k)v/V.
The second equation in (5.14) involves the same unknown spinors but in the L quadrant,
which introduces extra v/—1. Taking care of those additional factors of i which occur in

going from {\/\/—EV} to {\/\/_?}, (5.14) leads to

@@, V=T gy s = gy |WE(R) + e ¥ 0L (k)|

o 5.16
(W, K)VV o0 ¢ = gy [ewqfﬁ(k) — 7wl (k)} . (5.16)

Here, n(w) = eﬁw—lﬂ is the Fermi-Dirac distribution. One may think that using (5.16) to
replace , say, < in the identification of [ with % would lead to a constraint on the boundary
data, which cannot be. Rather, the constraints are on the modes a(w, k) and b(w, k). The
same happens for the scalar case first dealt with in [1], as is most apparent in equations
(3.48) and (3.49) of [5] where the modes in an expansion of the scalar field in an in-going
and out-going basis are related to the boundary values of the field in the right and left
quadrants of a Kruskal diagram.

A computation of real-time Green functions from the standard AdS/CFT prescription is

now in order. The classical boundary action in r — ¢ coordinates is

d
Som = —1i /aM %V—QQ’"’"‘I%(—KT)‘I’%T) (5.17)

d d
_— / %W—ggrrw—k,r)w,m o —i / %W—gw@(—kmw_(m) .

For a scalar field the second integral would have come with the opposite sign. Here, however
one must recall that spinor fields behave non-trivially when they cross the L quadrant where
time ordering is reversed. While UV is invariant under time-reversal, what we are really
considering instead is an expression where W is fixed whereas W_ is free to vary. The
unusual sign is associated with the latter’s transformation under time reversal, (5.15).

®Qur conventions for the Clifford algebra differ from those of [34]. This affects in particular the I'°
matrix. Hence the overall sign flip in (5.15) as compared to the more familiar equation (40.32) from [34].

,13,



Using (5.13) and (5.16) the boundary action becomes

B

) d*k =R R BT =R L
Sowr =i [ Gyt 9T uno (k) [PER) AR+ W0V W] (518)

4
— i [ Vg n(hun () [6F WD BEE) = PO kv (1)

4 Lo _
i / %Wn(w)uLp(k)e% (W (k)W (k) + e F W (k) w (k)|

4

—i/%\/—gg”’“n((.u)uL,i(k‘)e_BT [eﬁw@i(—kz)\lﬂj(kz) - e%\i’i(—k)\lff(kz)} .
T

Equations (3.26) and (2.8), which for fermionic operators reads Gauw(k) = Gry, =

—iS*(k)yi, = iS*(k)7y!, — from I'° being anti-hermitian, cf., e.g., (3.11) — and the near-
. RL _.

boundary expansions of W~ yield

Grr(k)=-i [n(w)eﬁw i)Gr(k)+ ()(—i)GA(k‘)]Z—RGGR(k)HtaHh(%)ImGR()
G (k) =i [-n(w)(=))Gr(k) —n(w)e® (=) G a(k)] = =ReGip(k)-+i tanh (37 ImGa (),
G (k) =—in(w)e % [< DG R(k)— (—)Ga(k)] = ﬁz;wlmcw) (5.19)
Grn(k)=—in(@)e’s F(~)Gr(k)+(~)Ga(k)] = 22 TmGr(k).

These are the Schwinger-Keldysh propagators (2.9) with o = g for a fermionic operator
dual to the supergravity field ¥. One can redefine W' (k) to obtain real-time propagators
with arbitrary 0 < o < (3. Let us illustrate how (5.19) is obtained and focus on Grr(k).
The relevant terms from the boundary action are

i) =ggT [wni (K5 TR (—k)UR(R) + g o (k) TR (k) WE ()],

The first one comes with an in-going mode. One then uses the near-boundary expansion
for U and the relation (3.20), i.e. ¥o(k) = S(k)xo(k), to translate this term into an ex-
pression proportional to the retarded propagator. On the other hand, the second term
in brackets involves an out-going mode. It must be associated with an advanced Green
function [35]. One then writes \/—gg™ W (—k)UE (k) = \/—gg™ U (k) (—Fk) which is
equal to S*(k)x&(k)x&(—k) = S*(k)x&(—k)x{t (k). This finally leads to the stated result.
We have thus checked that Schwinger- Keldysh correlators for fermionic operators and the
standard relations among them and the retarded, advanced and symmetric propagators
hold in AdS/CFT by taking functional derivatives of boundary part of the dual supergrav-
ity action. This prescription can be generalized to higher-point functions of a fermionic
operator, provided the non-quadratic parts of the action for its dual supergravity spinor
field are known.
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